In this paper, we give some new real-variables characterizations of the Hardy space associated with twisted convolution, including Poisson maximal function, area integral, and Littlewood-Paley g-function.
Introduction
In this paper, we consider the n linear differential operators
Together with the identity they generate a Lie algebra h n which is isomorphic to the n +  dimensional Heisenberg algebra. The only nontrivial commutation relations are [Z j ,Z j ] = -  I, j = , , . . . , n.
The operator L defined by
is nonnegative, self-adjoint, and elliptic. Therefore it generates a diffusion semigroup {T 
Given σ > ,  < σ ≤ +∞, and a tempered distribution f , define the grand maximal function
We define the atomic Hardy space H p,q L (C n ) to be the set of all tempered distributions of the form j λ j a j (the sum converges in the topology of S (C n )), where a j are H p,q L -atoms and j |λ j | p < +∞. 
L -atoms and j |λ j | p < +∞.
Corollary  Let
where ϕ k are Laguerre functions. Therefore e -t √ L f is given by the twisted convolution with the kernel
The Poisson maximal function is defined by
We can characterize the Hardy space H  L (C n ) as follows.
We define the area integral associated to {P
and we consider the g * λ -function associated with L defined by
. Now we can prove the main result of this paper.
where λ > . Moreover, we have
Remark  In this paper, we just give the proofs of our results for p = . In fact, we can prove the case n n+ < p <  under more conditions (such as that f vanishes weakly at infinity). The proofs of the case n n+ < p <  are quite similar to the case p = , so we omit them.
Throughout the article, we will use C to denote a positive constant, which is independent of the main parameters and may be different at each occurrence. By B  ∼ B  , we mean that there exists a constant C >  such that
Preliminaries
In this section, we give some preliminaries that we will use in the sequel.
Let K t (z) be the heat kernel of {T L t } t> . Then we can get (cf.
[])
It is easy to prove that the heat kernel K t (z) has the following estimates (cf.
[]).
Lemma  There exists a positive constant C >  such that
We have the following estimates [].
Lemma  There exist constants C, C k >  such that
By the subordination formula, we can give the following estimates as regards the Poisson kernel.
Lemma  There exist constants C k > , A >  such that (a)
We also need some basic properties about the tent space (cf.
[]). Let  < p < ∞, and  ≤ q ≤ ∞. Then the tent space T p q is defined as the space of functions f on C n × R + , so that
where (z) is the standard cone whose vertex is z ∈ C n , i.e., 
The proofs of the main results
Now, we give the proof of Theorem .
Proof of Theorem
For the reverse, there exists a function η defined on (, ∞) that is rapidly decreasing at ∞ and satisfies the moment conditions (cf.
[])
for appropriate binomial coefficients a k , we have
By () and Lemma , we know that and any derivative of are rapidly decreasing. Thus ∈ S and
Therefore,
This proves that
and the proof of Theorem  is complete.
In order to get our results, we need the following lemma (cf. Lemma  in []).
Lemma 
(ii) When λ > , there exists a constant C > , such that
We define the new Lusin type area integral operator by
where α > .
Lemma  It is easy to see that the above definition of the area integral operator is indepen-
Proof of Theorem  (a) By Lemma , we can prove that there exists a constant C >  such that for any atom
In the following, we will show that f ∈ H
where a j (z, t) are atoms of T   and j |λ j | < ∞. By the spectrum theorem (cf.
[]), we can prove
By () and (), we get
Therefore, it is sufficient to prove
uniformly, i.e., there exists a constant C >  such that for any atom
We assume that a(z, t) is supported inB(z  , r), whereB(z  , r) denotes the tent of the ball
where B * = B(z  , r).
By the Hölder inequality, we get
By the self-adjointness of D k t and Lemma , we can get
This gives the proof of I  ≤ C.
By Lemma , we can prove
Then we get
When f ∈ L  (C n ), we can proceed similarly to Proposition  in [] . In fact, we let
By the monotone convergence theorem, we have
As
This gives the proof of Theorem (a).
(b) Firstly, by Lemma , we can prove that there exists a positive constant C such that for any atom
For the reverse, by (a), it is sufficient to prove
Our proof is motivated by [] . Let
can be seen as a vector-valued Hardy space. This 
This completes the proof of Theorem (b).
In the following, we show there exists a constant C >  such that for any atom
we have 
By part (a), we have S k L a L  ≤ C. In the following, we will prove that
First, by Lemma , we can obtain
